We show how to deduce multiplicity one theorems for cuspidal representations of finite groups of Lie type from analogous results for p-adic groups. We then look at examples where the latter is known. One such example is the restriction of Ž . Ž . w x irreducible representations of SO n to SO n y 1 S. Rallis, preprint . We show Ž . that the multiplicity of a cuspidal representation of the finite group SO n y 1 in Ž . Ž . the restriction of a cuspidal representation of SO n to SO n y 1 is at most one.
INTRODUCTION
Multiplicity one theorems for Gelfand pairs were established in many cases for p-adic groups and for finite groups of Lie type. Let G be such a group and let H be a closed subgroup of G. In general, one picks a specific representation of H and one tries to prove that the induced representation from H to G is multiplicity free. In many instances, the proof in the finite field case mimics the proof in the p-adic field case or vice versa. However, there are some examples where it is impossible to mimic the p-adic proof, and moreover, the finite field statement may be false.
In this paper we show that in these examples, it might still be possible to have multiplicity one theorems for a certain class of irreducible representations of the finite Lie group, namely the cuspidal ones. The idea is to ''embed'' the finite group representation into a representation of the p-adic group using induction from a compact open subgroup mod center, and to apply the p-adic result for this supercuspidal representation of the p-adic group.
Representations of reductive p-adic groups obtained in such a way are called ''level 1'' representations and were studied extensively in the litera-Ž w x . ture see, for example, 11, 6, 7 . In our examples we will only consider Ž w x level 1 representations coming from special parahoric subgroups see 12 . 3.1.1 for definition . We expect similar phenomenon to hold for other level 1 representations. Before stating our main theorem we will look at the example of orthogonal groups mentioned in the abstract.
Let F be a finite field and let V be an n-dimensional vector space over Ž . F. Let Q be a nondegenerate quadratic form on V. Let G s SO Q be the group of special linear transformations on V preserving Q. Let F be a p-adic field such that the residue field of F is isomorphic to F. Let O be the ring of integers in F. Let V be an n-dimensional space over F, let Q Ž . be a nondegenerate quadratic form on V, and let G s SO Q . We may Ž . choose Q and an embedding of G into GL F so that G is quasi-split n over F and splits over an unramified extension of F and so that KrK ( G, 
Ž . Ž . Ž .
The action of on such functions is given by right translations. Now
Ž . It is easy to check that f Ј g , l g Hom , and l ª l is a linear Hm ap. To show that it is injective, assume that l s 0. Let X ; be thẽ space of functions supported on K. It is easy to see that X is a K invariant space, and that it is isomorphic to as a representation of K. It is also easy to see that l ' 0 on X is equivalent to l ' 0 on X. This proves w x the claim. By a result of Rallis 9 , we have that dim Hom , F 1.
Ž .
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Hence the theorem is proved.
Our assumption that and are cuspidal is justified by the following q Ž . Ž . example. The group SO F is almost the same as the group PGL F = Ž .
where H is the diagonal embedding on H into G. Because has only 1 two irreducible components, the trivial representation and the Steinberg representation and because
H H
it follows that the multiplicity of the Steinberg representation in the preceding tensor product is two, hence multiplicity one fails.
It will be convenient to use the following terminology. is not a Gelfand pair of finite groups.
MAIN THEOREM
Let F be a p-adic field and let G be the group of rational points of a connected reductive group defined over F. Let P be a maximal parahoric Proof. Let l g Hom , . We define l g Hom , as follows,
Because f is compactly supported mod Z G the integral converges, thus l Ž . is well defined and lies in Hom , . To show that the linear map l ª l Hĩ s injective assume l ' 0. Let X ; be the subspace of functions with qs upport in P . For every f g X we have
H H˜Ž Ž .. Ä Ž .< 4 Thus l f 1 s 0 for every function f g X. Because the space f 1 f g X is X we get that l ' 0.
Application
We shall apply Theorem 2 in the following situation. We shall assume G to be quasi-split over F and to be split over an unramified extension of F.
Ž . We will fix an embedding of G into GL O and we will let P s G l n Ž .
Žw x GL O . Then P is an hyperspecial maximal parahoric subgroup of G 12 n . 3.4.2, 3.4.3, and 2.6.1, see also 3.9.1 for a similar statement , and using the q Ž .
Ž . Cartan decomposition for G we can see that P s N P s Z G P. We G let G s PrP . Then G is a finite reductive group. We let H be a closed 1 subgroup of G and define P s P l H. We let H s P rP . We view
H as a subgroup of G. We let be a cuspidal representation of G and we q inflate it to P. We extend to P by extending the central character of Ž . to the whole of Z G . We let be a character of H as in Theorem 2 with < < the additional assumption that P ' 1. Then P induces a character 1, H on H which we denote by . Theorem 2 in this case reads: COROLLARY 3. There exist an injection, Hom , ¨Hom , .
Hence if G, H is a Gelfand pair of p-adic groups then G, H is a
Ž cuspidal Gelfand pair of finite groups as defined in the end of the . introduction .
TWO EXAMPLES
There are several examples where multiplicity one holds for representations of a Gelfand pair of p-adic groups. One such example is the Whittaker model. If G is as in Corollary 3, H s N is a maximal unipotent subgroup of G and is a suitably chosen nondegenerate character of N then Corollary 3 coupled with the uniqueness of Whittaker models for w x representations of p-adic groups 10 gives us another proof of this uniqueness for cuspidal representations of finite groups of Lie type. In this case however, there is a stronger result, namely, the uniqueness of a Whittaker model for any representation.
The following two examples are such that multiplicity one fails for some noncuspidal representations of the finite groups. 
Spherical Models for Cuspidal Representations of Orthogonal Groups

H H
where m is the appropriate representation of G as in Theorem 2. By w x 9 the dimension of the second Hom is less than or equal to 1, hence Theorem 1 follows. A similar argument can be applied for general spherical models conw x structed in 1 . For these models we shall choose G to be a product of two orthogonal groups of different dimensions, i.e.,
. 
Ž .
* m * w x w x For all these notations and definitions see 1 . From Corollary 3 and 1 we obtain a multiplicity one statement in this case, i.e., a cuspidal repre-Ž . sentation of the finite group SO n will have at most one spherical Ž . model associated to the data , ,
, where is a cuspidal * m¨* Ž . representation of the finite group SO k and , are characters of * m¨* Ž . w x unipotent subgroups of SO n defined as in 1 .
Ž . We can also show that every cuspidal representation of SO n will have at least one nonzero model for some data as in the foregoing text. The Žw x . argument follows the same lines as in 2 Section 3 and is omitted. 
Let be an admissible irreducible admissible representation of G . n n Ž . It is not difficult to see by looking at the big cell , that this is in fact a strict inequality, hence at least one irreducible component of will have a space of H fixed vectors with dimension greater than 1.
